Theoretical Aspects in Analyzing High

Speed Signal Reflection and Transmission

- with a Simple Impedance Discontinuity Example

TDR (Time Domain Reflectometry) and TDT (Time Domain Transmission) are often used
to measure the impedance discontinuity of high speed signal path and its signal transmis-
sion characteristics. VNA (Vector Network Analyzer) is used to measure essentially the
same signal path characteristics as the ones measured by TDR/TDT. While TDR/TDT is
done in time domain, VNA measurement is done in frequency domain.

We review the theories and the associated mathematics behind these indispensable mea-
surement tools using a very simple impedance discontinuity example for the brevity of the
mathematical treatment. Once the fundamentals are understood, one may use simulation
tools to work on much more complicated real world problems. This article consists of two
parts. In Part-1, the reflection and the transmission characteristics are studied using sev-
eral different methods assuming one’s familiarity with the mathematics involved there. In
Part-2, the mathematical tools used in Part-1 are summarized and/or a little more explana-
tion is provided to help one learn them.

1.0 Part-1: Analysis of Reflected and Transmitted Signals

1.1 Reflection and Transmission at Impedance Discontinuity

How to quantitatively analyze signal reflection and transmission at an impedance
boundary is discussed in [1]. Let’s consider a situation that two transmission lines
with different characteristic impedance are connected at one point as illustrated in
Fig.1. When a signal propagating through one transmission line (the voltage and the
current is denoted by v; and i;) arrives at the boundary, part of the signal is reflected
back (denoted by v, and i,) and part of the signal is transmitted to another transmis-

sion line (denoted by v, and i;).
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Fig.1 Reflection and Transmission at Impedance Discontinuity



How much of the incident signal is reflected, and how much of it is transmitted is of
our interest. With the characteristic impedance of each transmission line Z; or Z,, the
voltage/current relationship of the incident, reflected and transmitted signals are
expressed by [Eq.1.1]. The constraints on these voltages and currents at the bound-
ary are provided by [Eq.1.2]. From [Eq.1.1] and [Eq.1.2], the reflected voltage and
current is obtained by [Eq.1.3].

v, =21, [Eq.1.1]
v, =20,
v,tv, =,

[Eq.1.2]
=1, =1
L, _hth
r 22+Zl 1

[Eq.1.3]
Lt
r Zz+Z] 1

Note that the ratio of the reflected voltage (current) to the incident voltage (current)
is determined only by the characteristic impedance of the two transmission lines as
expressed by [Eq.1.4], and it is called reflection coefficient

From [Eq.1.2] and [Eq.1.3], the ratio of the transmitted voltage to the incident volt-
age 1s obtained as expressed by [Eq.1.5]. This value is also determined only by the
characteristic impedance of the two transmission lines. Let’s call it transmission
coefficient in this article.
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1.2 An Example Situation

Our impedance discontinuity situation is illustrated in Fig.2. Signal is to be sent
through a transmission line of uniform characteristic impedance. It has a dent at the
middle, which makes the dent location more capacitive than normal. When the sig-
nal source impedance, the transmission line characteristic impedance and the load
impedance are the same, the equivalent circuit model becomes very simple as shown
in Fig.3. We will study the reflected and the transmitted signals for a step input.
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Fig.2 Capacitive Impedance Discontinuity at the Middle of Uniform Transmission line
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Fig.3 Equivalent Circuit Model When Rg=R; =Z(=R

1.3 Several Methods and Aspects

1.3.1 Directly Solving Differential Equation

The transmitted voltage is the voltage across the load resistor v, (2), and the currents
i(t),i;(t) and i,(t) are defined as shown in Fig.4.
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Fig.4 Voltages and Currents of the Circuit

Applying Kirchhoff’s voltage law, [Eq.1.6] is obtained. The voltage at the load v, (?)
is expressed by [Eq.1.7]. Applying Kirchhoff’s current law, [Eq.1.8] is obtained.
Since i;(2) and i,(?) are expressed by [Eq.1.9] and [Eq.1.10] respectively, [Eq.11] is
obtained. From [Eq.1.6] and [Eq.1.11], the differential equation for the voltage at the
load v, (%) is obtained as expressed by [Eq.1.12].



{ ve(1) = R-i(£)+v,(1) [Eq.1.6]
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For the step input voltage vg(1)=2Vu(t), [Eq.1.13] is obtained from [Eq.1.12], and

the differential equation is further expressed by [Eq.1.14] with the time constant t.
Solving [Eq.1.14], the voltage at the load v;(?) (i.e. the transmitted voltage) is

obtained as [Eq.1.15]. Refer to Part-2 for solving [Eq.1.14].
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1.3.2 Using Laplace Transform to Solve Differential Equation

In order to apply Laplace transform, [Eq.1.14] is re-written by [Eq.1.16]. Consider-
ing the Laplace transform of the voltage at the load and its differentiation expressed
by [Eq.1.17] and [Eq.1.18], the Laplace transform of the differential equation
[Eq.1.16] is obtained as shown by [Eq.1.19]. Solving [Eq.1.19], the voltage at the
load v;(?) (i.e. the transmitted voltage) is obtained as [Eq.1.20]. This is the same

result as obtained by directly solving the differential equation in the section 1.3.1.
Refer to Part-2 for solving [Eq.1.19].
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1.3.3 Transmission Coefficient and Reflection Coefficient

By replacing “j@” in complex impedance by “s”, the load impedance in Fig.4 is
expressed by [Eq.1.21]. From [Eq.1.4] and [Eq.1.21], the reflection coefficient in
frequency domain (s-domain) is obtained by [Eq.1.22]. From [Eq.1.5] and [Eq.1.22],
the transmission coefficient in frequency domain (s-domain) is obtained by
[Eq.1.23] and [Eq.1.24].
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The voltage equivalent to the incident signal is expressed by [Eq.1.25], and its
Laplace transform is expressed by [Eq.1.26]. Since the Laplace transform of the
transmitted signal is obtained as the product of the transmission coefficient in fre-
quency domain (s-domain) and the Laplace transform of the incident signal, it is
expressed by [Eq.1.27] (after partial fraction expansion). Applying inverse Laplace
transform to [Eq.1.27], the transmitted signal in time domain is obtained as
[Eq.1.28]. This is the same result as obtained by solving the differential equation.
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Since the Laplace transform of the reflected signal is obtained as the product of the
reflection coefficient in frequency domain (s-domain) and the Laplace transform of
the incident signal, it is expressed by [Eq.1.29]. Applying inverse Laplace transform
to [Eq.1.29], the reflected signal in time domain is obtained as [Eq.1.30].
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Refer to Part-2 for the frequency domain (s-domain) relation among the transmission
coefficient, the reflection coefficient and the incident signal, and obtaining the
inverse Laplace transforms of [Eq.1.27] and [Eq.1.29].



1.3.4 Impulse Response of Signal Reflection and Transmission

The Laplace transform of the reflection coefficient is expressed by [Eq.1.31], and its
inverse Laplace transform is obtained as [Eq.1.32], which is the impulse response of
the reflection in this example. The Laplace transform of the transmission coefficient
is expressed by [Eq.1.24], and its inverse Laplace transform is obtained as [Eq.1.33],
which is the impulse response of the transmission in this example.
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Since the reflected signal is considered as the response of the system whose impulse
response is expressed by [Eq.1.32], it is obtained as the convolution of the system
impulse response and the incident signal as expressed by [Eq.1.34] resulting in
[Eq.1.35]. This is the same results as obtained by [Eq.1.30] in the previous section
by inverse-Laplace transforming the system response obtained in frequency domain
(s-domain). Likewise, since the transmitted signal is considered as the response of
the system whose impulse response is expressed by [Eq.1.33], it is obtained as the
convolution of the system impulse response and the incident signal as expressed by
[Eq.1.36] resulting in [Eq.1.37]. This is the same results as obtained by [Eq.1.28] in
the previous section.
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Refer to Part-2 for the time domain relation among the transmission coefficient, the
reflection coefficient and the incident signal, where the system response (output) is
described by the convolution of the system impulse response and the input signal.



2.0 Part-2: Summary of Basic Mathematics Used in Part-1 2}.53]

2.1 Directly Solving dv(t)/dt=a*v(t)+b

The differential equation that we have to solve is given by [Eq.1.14] or [Eq.2.1],
which was discussed in the section 1.3.1. Let’s start with defining a new variable y(?)
by [Eq.2.2]. Then, the original differential equation is simplified as expressed by
[Eq.2.3], which is solved as shown below resulting in the solution of y(?) with one
unknown parameter y(0) as expressed by [Eq.2.4]. Considering the initial condition
of the circuit in Fig.4 that the voltage at the load at time zero is zero, i.e. v; (0)=0, the

unknown parameter in [Eq.2.4] is determined from [Eq.2.2] as expressed by
[Eq.2.5]. Thus y(?) is fully obtained as expressed by [Eq.2.6]. From [Eq.2.6], the
solution of [Eq.2.1] is finally obtained as [Eq.2.7].
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2.2 Fourier Series, Fourier Transform and Laplace Transform

Though neither Fourier series nor Fourier transform was used in Part-1, it is instruc-
tive to discuss Laplace transform starting from Fourier series and going through
Fourier transform.

2.2.1 Fourier Series

Periodic signals which have finite energy within each period can be represented by
so called Fourier series as shown by [Eq.2.8]. This means that a periodic signal can
be decomposed into a weighted sum of simple oscillating functions (i.e. sine and
cosine functions). The weights or the coefficients for the sine and the cosine func-
tions are obtained by [Eq.2.9]. The terms with n=1 are called fundamental terms, and

the terms with n>=2 are called harmonic terms.
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Defining the complex coefficients by [Eq.2.10] and using complex exponential
form, [Eq.2.8] is simplified as expressed by [Eq.2.11], and the complex coefficients
are obtained by [Eq.2.12]
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2.2.2 Fourier Transform

When a signal is not periodic, it cannot be represented by Fourier series. However,
signals which are not periodic but have finite energy in each finite interval and have
zero energy outside this interval can be represented by Fourier transform as shown
by [Eq.2.13], and the complex coefficient is obtained by [Eq.2.14]. Actually,
[Eq.2.14] is called Fourier transform, and [Eq.2.13] is called inverse Fourier Trans-
form. Note that a signal is decomposed into continuous frequency components.
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2.2.3 Laplace Transform

[Eq.2.13]

[Eq.2.14]

While Fourier transform is useful for steady-state analysis, it faces a difficulty in
transient analysis such as the ones discussed in Part-1. The incident signal in Part-1
was a step function, which does not have finite energy, and therefore the integral
[Eq.2.14] does not converge.

In order to overcome the difficulty mentioned above, Laplace transform is derived
from Fourier transform as follows. For notational convenience, Fourier transform
[Eq.2.14] is re-written by [2.15] using angular frequency . Let’s define a new func-

tion by [Eq.2.16]. Multiplying the original signal x(z) by the exponential term e %,
the new function is forced to have zero energy at large t so that its Fourier transform
can be obtained as expressed by [Eq.2.17].
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For another notational simplification, Fourier transform [Eq.2.15] is re-written by
[Eq.2.18]. Thus from [Eq.2.17] and [Eq.2.18], [Eq.2.19] is obtained. Defining a new
variable “s” by [Eq.2.20], [Eq.2.19] is simply written by [Eq.2.21], which is called
the Laplace transform of a function x(z). If the signal x(z) does not exist before /=0
(x(2)=0 for t<0), the Laplace transform is written by [Eq.2.22].
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Inverse Fourier transform [Eq.2.13] can be written by [Eq.2.23] using angular fre-
quency @. Considering the differentiation of [Eq.20] and the integral range of the
variables @ and s as shown by [Eq.2.24], the inverse Laplace transform is obtained
from [Eq.2.23] as expressed by [Eq.2.25]. Note, however, that inverse Laplace trans-
form is usually not calculated directly using [Eq.2.25] for relatively simple func-
tions. Refer to the section 2.3.3 for an example.
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2.3 Using Laplace Transform

2.3.1 Some Basic Time Signals

The Lapalce transforms of some basic functions are shown from [Eq.2.27] to
[Eq.2.32]. Remembering or being able to quickly access to these basic Laplace
transforms, one can avoid dealing with complex integration [Eq.2.25] to obtain
inverse Laplace transforms of these basic functions.
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2.3.2 Properties

Some properties of Laplace transform are often utilized to obtain inverse Laplace
transforms combined with the Laplace transforms of some basic functions men-
tioned in the section 2.3.1. Some of them are shown from [Eq.2.33] to [Eq.2.38].
Refer to the section 2.4 for “(5) Convolution” in detail.
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(4) Integration
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2.3.3 Solving dv(t)/dt=a*v(t)+b

The differential equation that we have to solve is given by [Eq.1.14] or [Eq.2.39],
which was discussed in the section 1.3.2. Knowing the Laplace transform of unit
step function [Eq.2.28] and the Laplace transform of differentiation [Eq.2.41] (the
initial condition v; (0)=0 is also considered), the Laplace transform of the differential
equation [Eq.2.39] is obtained by [Eq.2.42]. Solving [Eq.2.42] for V;(s), the Laplace
transform of the voltage at the load is obtained as [Eq.2.43]. The point here is to fur-
ther expand [Eq.2.43] to [Eq.2.44] (partial fraction expansion). Since we already
know the (inverse) Laplace transforms of these two terms, the inverse Laplace trans-
form of V; (s) is easily obtained as expressed by [Eq.2.45] or [Eq.2.46].
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2.4 Linear System Response

2.4.1 System Function and Impulse Response

The system response (or the output) of a linear system for a delta function input is
called system function (or impulse response) as illustrated in Fig.5.
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Fig.5 Linear System Response

The impulse response is illustrated in Fig.6. Now let’s consider the system response
for a narrow pulse input (finite height and non zero duration). When the input pulse
is very narrow, the system output would be approximated by a weighted impulse
response with the weight being the area under the input pulse as illustrated in Fig.7.
Let’s call such very narrow pulse response as “quasi-impulse” response in this arti-

cle.
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Fig.7 Narrow Pulse Response
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The quasi-impulse response of this system for a time-shifted quasi-impulse input is
illustrated in Fig.8.
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2.4.2 Convolution

Arbitrary input signal to a linear system can be approximated by a set of quasi-
impulses as illustrated in Fig.9.

V(1) 4 Vir;(;z

>
0—» ¢
T
Fig.9 Arbitrary Input Signal Approximated
by a Set of Quasi-Impulses

The system response for each quasi-impulse input is expressed by [Eq.2.47] from the
discussion in the section 2.4.1. Therefore, the system output signal can be approxi-
mated by the sum of the set of these quasi-impulse responses as expressed by

[Eq.2.48].
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Taking the limit of A7 approaching zero in [Eq.2.48], the system response is obtained
by [Eq.2.49]. It is generally expressed by [Eq.2.50], and called convolution of v;,(?)

and A(2).
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2.4.3 Convolution and Fourier/Laplace Transform

The convolution of two signals x;(#) and x,(?) is expressed by [Eq.2.51], and its Fou-
rier transform is obtained by [Eq.2.52]. Note that the convolution of two signals in
time domain is equivalent to the simple multiplication of the Fourier transforms of
these signals in frequency domain. Likewise, the convolution in time domain is
equivalent to the multiplication of the Laplace transforms in s-domain as expressed

by [Eq.2.53].
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