Basics for Quantitatively Working
with High Speed Signal

In order to send information from one point to another, electrical means has been effec-
tively used. Higher speed signal is required to send larger amount of information in short
time. This article is to provide basics to quantitatively handle such high speed signal as
described in GHz/Gbps.

1.0 Time Signal

1.1 Sinusoidal Signal

When voltage and current varying from time to time in electrical circuits is studied,
sinusoidal signal as expressed by [eq.1] is our foundation.

y(t) = A - sin(wt) [eq.1]

Let’s imagine a point circling around at constant velocity. The projection of the
point’s movement to the vertical axis (or to the horizontal axis) becomes sine func-
tion (or cosine function) as illustrated in Fig.1. For our applications, it is more con-
venient to use angular frequency, o, instead of velocity to describe these sine/cosine
functions.
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Fig.1 Sinusoidal Signal as a Function of Time



1.2 Lumped Circuit Elements

In order to study how signal interacts with a circuit, let’s begin with the concept of
resistor, capacitor and inductor, and the voltage/current relationship of these circuit
elements.

A resistor is illustrated in Fig.2. The voltage/current relationship is expressed by
[eq.2a] or [eq.2b], which is known as Ohm’s law.

i(1)
— > ve(t) = R -ip(t) [eq.2a]
g . . ve(?)
R 0) IR(t) = T [eq.2b]
]
Fig.2 Resistor

A capacitor stores electric charge, and it is illustrated in Fig.3. The amount of the
stored charge is proportional to the voltage across the capacitor as expressed by
[eq.3a]. Since the definition of current is the amount of charge passing through a cer-
tain cross section per unit time (i.e. per one second), the current going into or coming
out of a capacitor is obtained as the derivative of the stored charge as expressed by
[eq.4]. Thus, the voltage/current relationship of a capacitor is expressed by [eq.3a] or

[eq.3b].
lC(t) q = C-v [eq3]
-] ._d d
~|—q ZE—? = Cd—‘; [eq4]
c — Vc(t)
-q 1
ve(t) = Zfic(ndr [eq.5a]
1g.3 Capacitor io(t) = Cditvc(t) [eq.5b]

Magnetic flux generated by an inductor is proportional to the current flowing
through the inductor as expressed by [eq.6]. When the current changes, the magnetic
flux changes accordingly, and this change in the magnetic environment of the coil of
wire (i.e. inductor) causes a voltage as expressed by [eq.7]. Thus, the voltage/current
relationship of an inductor is expressed by [eq.8a] or [eq.8b].



0N o =L [eq.6]

vzg_(i) = L% [eq.7]
L § v, (1)
v, (1) = Ld%iL(t) [eq.8a]
Fig.4 Inductor i(t) = %J'VL(t)dt [eq.8b]

1.3 Differentiation and Integration of Sinusoidal Signal

Let’s examine the voltage/current relationship of a capacitor and an inductor with
[eq.5a,b], [eq.8a,b] and sinusoidal signals.

Capacitor
If i.(t) = I cos(wt)

then v() is obtained as follows with [eq.5a] ignoring the initial condition

for brevity.
ve(t) = chlosin(cot)
L n
= (OC'IOcos(a)t—2 ) [eq.9a]
.

If vo(t) = Vysin(wi)
then i(?) is obtained as follows with [eq.5b].

io(t) = oCV,cos(wt)
— . . n
= oC Vosm(mt+ 7 ) [eq.10a]

= coC-vC(tJr% ) [eq.10b]

It is understood from [eq.9] and [eq.10] that the phase of the voltage across
a capacitor is /2 behind the phase of the current.



Inductor
If i;(¢) = I,cos(wt)
then v, (7) is obtained as follows with [eq.8a].
v, () = —oLl;sin(w?)
_ s
= coL-[Ocos((x)tJrz ) [eq.11a]

= mL-iL(tJr%) [eq.11b]

If v;(t) = Vysin(wt)

then 7; (¢) is obtained as follows with [eq.8b] ignoring the initial condition
for brevity.

i(t) = —ﬁ Vycos(mi)

= & Vosin((ot—%t ) [eq.12a]
- ﬁ'”(t_z% ) [eq.12b]

It is understood from [eq.11] and [eq.12] that the phase of the voltage across
an inductor is /2 advanced the phase of the current.

1.4 Differentiation and Integration with Euler’s Formula

The voltage/current relationship of a capacitor and an inductor is more complicated
than the one of a resistor, and the mixture of sine and cosine functions in the quanti-
tative discussion may be cumbersome. They, however, can be simplified by utilizing
Euler’s formula [eq.13] and differentiation and integration of exponential function as
expressed by [eq.14] and [eq.15].

Euler’s Formula

Euler’s formula is expressed by [eq.13], which relates sine/cosine functions to expo-
nential function. The differential and the integration of the exponential function are
expressed by [eq.14a] and [eq.15a] respectively.



J = cos(wt) +jsin(wt) [eq.13]

%ejm = j(oejw [eq.14a]
(o1 - 1 jot

Ie’l dt = joae] [eq.15a]

From [eq.13], j and //j can be written in the exponential forms as expressed by
[eq.16] and [eq.17]. Then, [eq.14a] and [eq.15a] are extended to [eq.14b] and
[eq.15b], which relate differentiation and integration to +/-(n/2) phase shift.

j=e [eq.16]
T
jl_ — e ? [eq.17]
. . ]((ntJrE)
%e’m =jcoe]mt = e ? [eq.14b]
) ) Jjlot—=
[/ =J%e"”’ - ée( :) [eq.15b]

Example Use for Capacitor Voltage/Current Relationship

It is shown below along with the previous discussion how the Euler’s formula and its
differentiation/integration is applied to the voltage/current analysis of a capacitor.

i(1) = 1,d®  (ic(t) = Re[i(1)])
w(t) = éj i(1)dt

For i.(t) = I cos(wi)

ve(t) = 'lc' [ictod

= coLC osin(ot) :]t‘ 0 o
1 T Jjlor-3
- m—c-locos(o)t—z) _ (DLCIOG( 2)
R T

_aa.lc(t—z—o—)) :ala'i(_z—n(,—))

w(1) = V" (ve(t) = Im[v(0)])

For v.(t) = V,sin(wt)

ic(t) = Yy (1)
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1.5 Electrical Impedance

By dealing with voltage and current in complex numbers, voltage to current ratio,
V(1)/i(t), can be easily obtained for a resistor, a capacitor and an inductor as expressed
by [eq.19], [eq.20] and [eq.21] respectively. They are called electrical impedance, or
simply impedance.

in(t) = ic(t) = i (t) = I,

(1) Resistor
Ve(t) = R-ip(1)
t
" R:%:R [eq.19]
(2) Capacitor
ve(t) = éj io(t)dt
oL, o
B jcoCIOe]
1 .
B j(oClC(t)
. B ve(?) 1
L= () _j(oC [eq.20]
(3) Inductor
v, (1) = L%iL(t)
= joLl,d"
= joLi (1)
) . v (9) .
L, = % =joL [eq.21]

Now we can easily relate the voltage and the current of these circuit elements
through their impedance.



2.0 Power Transfer

2.1 Purely Resistive Source and Load

Fig.5 illustrates a circuit where electrical power is to be sent from a purely resistive
source to a purely resistive load.
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Fig.5 Source Resistance and Load Resistance

The power consumed by the load, i.e. the power transferred from the source to the
load, is expressed by [eq.22]. From the partial differentiation of the power by the

load resistance, it is understood that the transferred power becomes maximum when
the load resistance matches to the source resistance.

PL = Vrms'lrms
2
= RL ’ [rms
2
_ lRL__[/_SL__Z [eq.22]
2 "(Rg+R))
oP V> Re—R
LV Rs— Ry [eq.23]

OR, 2 (Rg+R,)

2.2 General Impedance Source and Load

Fig.6 illustrates a circuit where electrical power is to be sent from a general imped-
ance source to a general impedance load.

The power consumed by the load, i.e. the power transferred from the source to the
load, is expressed by [eq.24], from which it is understood that the transferred power
becomes maximum when R; = Rg and X; = -Xg, i.e. when the load impedance
matches to the complex conjugate of the source impedance.
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Fig.6 Source Impedance and Load Impedance
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3.0 Time and Space Signal
3.1 Signal Propagation

Our discussion has started with a sinusoidal signal varying from time to time, which

is expressed by [eq.1].

y(t) = A - sin(wt) [eq.1]

When this signal propagates over a distance, it is expressed by [eq.24] assuming one
dimensional propagation along with x-axis and no attenuation. The sinusoidal signal
amplitude is determined by its phase, which is now a function of two variables, ¢ and
x. Since it takes time x/v (v: propagation speed) to propagate over distance x, the
phase is delayed accordingly as expressed by [eq.25]. Using the wavelength A, the

phase is expressed by [eq.26].

[eq.24]



Defining angular wavenumber k by [eq.27], the phase is expressed by [eq.28]. Thus,
the sinusoidal signal propagating along with x-axis is expressed by [eq.29].

y(tx) = A - sinB(t,x) [eq.24]
0(tx) = m(t—f) [eq.25]
!

= oft— 2n;x (o = 27f)

= ot— %x (v=12) [eq.26]

= 27 [eq.27]
0(tx) = ot—kx [eq.28]

y(tx) = A - sinB(tx)
= A - sin(owt— kx) [eq.29]

3.2 Signal Attenuation during Propagation

When signal loses its energy during propagation, its amplitude is reduced over dis-

tance. In this case, the sinusoidal signal propagating along with x-axis is expressed
by [eq.30].

y(tx) = A(x) - sin(wt — kx) [eq.30]

Fig.7 illustrates how the sinusoidal signal is attenuated while it propagates.
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Fig.7 Sinusoidal Signal Propagation with Attenuation over Distance



3.3 Characteristic Impedance

Let’s imagine an electrical signal propagating through a lossy uniform one dimen-
sional medium. Such medium, i.e. transmission line, is often modeled with distrib-
uted RLGC network as illustrated in Fig.8.
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Fig.8 Distributed RLGC Network

Since exponential form is much easier to handle for the quantitative analysis of the
RLGC network analysis than [eq.30], we start from the voltage and the current as
expressed by [eq.32] and [eq.33].

(ot —kx)

v(t,x) = A, (x)¢
= Av(x)e_jkx !

V(x)=A,(x)e”™ [eq.31]
v(t,x) = V(x)e™ [eq.32]
i(t,x) = I(x)e [eq.33]

The amount of the voltage and current amplitude reduction due to the R, L, G and C
circuit elements is expressed by [eq.34] and [eq.35] when the signal propagates.
From these two equations, [eq.36] and [eq.37] are obtained, where y, defined by
[eq.38] is called propagation constant.

—%V(x) = (R+joL) x I(x) [eq.34]
%I(x) = (G+joC) x V(x) [eq.35]
d’ 2
d_zV(x) =Y x V(x) [eq.36]
X
d’ 2
d_zl(x) = Y~ xI(x) [eq.37]
X

Y=./(R+joL)(G+joC) [eq.38]



General solution of [eq.36] and [eq.37] are give by [eq.39] and [eq.40] respectively.
By defining the characteristic impedance Z of this transmission line by [eq.42], the

voltage/current relationship is expressed by [eq.41].

YTx

Vx)y=V,-e " +V,-e [eq.39]

Ix)=1,-¢ “—1-e" [eq.40]
v %

= L2 I [eq.41]

z, ¢ 7,

R+joL
z,= |Rtjol eq.42
0= G+ joC [eq-42]

Note in [eq.39] through [eq.41] that ¢ represents signal propagating toward +x

direction and e' represents signal propagating toward -x direction.

4.0 Reflection and Transmission

4.1 Reflection Coefficient

Let’s consider a situation that two transmission lines with different characteristic
impedance are connected at one point as illustrated in Fig.8. When a signal propagat-
ing through one transmission line (the voltage and the current is denoted by v; and i;)

arrives at the boundary, part of the signal is reflected back (denoted by v, and i,) and
part of the signal is transmitted to another transmission line (denoted by v, and i)).
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Fig.8 Reflection and Transmission at Impedance Discontinuity



How much of the incident signal is reflected, and how much of it is transmitted is of
our interest. With the characteristic impedance of each transmission line Z; or Z,, the
voltage/current relationship of the incident, reflected and transmitted signals are
expressed by [eq.43]. The constraints on these voltages and currents at the boundary
are provided by [eq.44]. From [eq.43] and [eq.44], the reflected voltage and current
is obtained by [eq.45].

v = 24y
v, =21, [eq.43]
v, =2y,
v.tv, =v
L ! [eq.44]
i—i =i
L Z,—-Z, .
r ZZ+ZI 1
[eq.45]
I Tl N
VAR

Note that the ratio of the reflected voltage (current) to the incident voltage (current)
is determined only by the characteristic impedance of the two transmission lines, and
it is called reflection coefficient.

From [eq.44] and [eq.46], the ratio of the transmitted voltage to the incident voltage
is obtained as expressed by [eq.47]. This value is also determined only by the char-
acteristic impedance of the two transmission lines.

F=tl=Z-2_"1 [eq.46]

[eq.47]




4.2 Return Loss and Insertion Loss

[lustrated in Fig.9 is a 2-port network (a form-A relay for example) being inserted in
a transmission line. To simplify the discussion, let’s assume that the 2-port network
has uniform but slightly different impedance from the transmission line. In this case,
multiple reflection occurs between the two boundaries of the network/transmission

line connection.

The sum of all the reflected signals contributes to the signal energy loss due to
reflection, and its ratio to the incident signal in dB is called return loss as expressed
by [eq.48]. Overall transmitted energy is the sum of all the transmitted signals’
energy, and its ratio to the incident signal in dB is called insertion loss as expressed

by [eq.49].

Zl | ZO

2-port Network

A
\V
vy

|
V}”Z4 ! ! > Vt3 Vt - thn
|
|
|

Fig.9 Multiple Reflection between Two Impedance Discontinuities

ReturnLoss =-20 - log v

_r
Vi

InsertionLoss =—-20 - log

[eq.48]

[eq.49]




4.3 S-parameter

For a 2-port network, signal may come from one port or from another port as illus-
trated in Fig.10. Combining these two scenarios, the network behavior is described
by a 2 x 2 matrix (called S-parameter) at each frequency. As shown in Fig.11, input
signal (denoted by a; or a,) and output signal (denoted by by or b,) are defined at

each port, and their dimension is the square root of power. The four elements of the
S-parameter are obtained by [eq.50], and the input/output relation is usually

described by [eq.51].
vl v, v3, v2,
vl, v2,
Fig.10 Signals Coming from One Port or Another Port
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Fig.11 S-parameter of 2-Port Network
b,
Si = a.
! a,=0
by
Sy = a_1
=0 [eq.50]
5, =
127 4 .
b,
Sy = 7
2 a; =0
b S Syl |a
1| = [P11P12] |4 [eq.51]
by So1 Sa |42





